Abstract. In this paper, a class of complex harmonic spline functions (C.H.S.) are defined on the unit disc U. We use the C.H.S. to approximate the complex harmonic function on U, showing that C.H.S. may be represented by elementary functions. If the maximum step tends to zero and the mesh ratio is bounded, then C.H.S. converge uniformly to the interpolated function Fon the closed disc U. If the interpolated function Fis a conformai mapping, then the C.H.S. is a quasi-conformal mapping.
The complex harmonic splines (C.H.S.) have the following properties: (i) If the maximum step |A| tends to zero, and the mesh ratio R is bounded, then C.H.S. converge uniformly to the interpolated function F(Z) on the closed disc U.
(ii) C.H.S. may be represented by elementary functions.
(iii) If the interpolated function F(Z) maps U conformally onto a simply connected domain D satisfying the Ljapunov condition (see after Remark 2) and |A| = maXj\Zj -Zj_x\ (the maximum step) is sufficiently small, then the C.H.S. maps U onto a simply connected domain and this mapping is univalent, in fact, it is a quasi-conformal mapping [3] .
In [3] , we used complex pseudo-interpolation splines as the boundary function of C.H.S., and we stipulated that the approximated functions F(Z) have absolutely continuous nth derivatives (« > 2) on y (see [3, ), where the pseudointerpolation splines are piecewise polynomials of degree n.
In this paper, we use the complex cubic interpolation spline function as the boundary function of C.H.S. Under a much weaker condition we can prove that (i) and (ii) are still valid, and we obtain the error bound in an explicit form (Theorems L2).
Under a weaker condition, we prove that (iii) is also valid (Theorems 3,4). In the last paragraph of this paper we give formulas for the calculation of the C.H.S. and a program which implements the C.H.S. in practice:
If ». = ?(r ), 0 < / < 2, is the parametric representation of the Jordan curve T, then the following program is performed.
Input: f = f(r). Output: The graph of C.H.S., where C.H.S. is the approximation of the conformai mapping f(Z) which maps U onto a simply connected domain D.
To save space, we delete the program and the graphs; they may be found in [5] . If Uj ij'■ -l,...,n) are harmonic functions in D, and a-(j -1.n) are complex numbers, then the function u = £" afu] also belongs to C2(D) and satisfies the Laplace equation, but « is a complex-valued function; we call it a complex harmonic function and denote by H(D) the family of all such functions defined on£>.
A nonconstant complex harmonic function u(Z) cannot have a maximal absolute value in its domain of definition. Consequently, the maximal value |m(Z)| on a closed set E is attained on the boundary of E.
H(D) contains a wide class of functions, for instance, the function P(Z) defined by the Poisson formula P(Z) = ¿/2V(*")Re (41!) dO, ZeU, 2* Jo \e'e -Z I where w(f ) is any complex continuous function defined on y, y is the boundary of U, and U the unit disc; evidently, P(Z) e H(U).
Let A = (Z,,..., ZN) be points on y arranged in counterclockwise order, separating y into y¿ij = l,N) with y, being the arc from Z, to Zy+, (ZN +, = Z,).
We stipulate: \Z~$J+i\ = |y,| < it (j = ÏJV).
Given complex data Yt,..., YN, there exists one and only one complex cubic spline function S(Z) with nodes A on y such that S(Zj) = Y¡,j = 1, N; see [4] .
The Poisson formula <»> ^z>:= ¿f^H^K z&u' defines a function P(Z) on U, where S(f ) is a complex spline function on y. We then call P(Z) the complex harmonic spline (C.H.S.) on U. Now we use the C.H.S. to approximate a function belonging to H(U) C\ CiU).
Theorem 1. Let FiZ) be a complex harmonic function on U, continuous in the closed disc U. Let PiZ) be the complex harmonic spline defined by il), where S(f ) is the complex cubic spline interpolating at Z, SiZj) = F(Z/),j m 1,..., N. Then, PiZ) converges uniformly to FiZ) in the closed disc U. Moreover, we obtain the error estimation Since we can prove the following inequalities:
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For Z e yt _,, in view of (4), (7), (8) we have
From (9) we can easily prove the following inequality 
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Since we can prove the following inequalities:
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For Z e y-, in view of (13), (14), we have From Lemma 1, the proof of Theorem 1 is complete.
We note that the coefficient K(R) in the error estimation (2), (3) is a function of R. If R = 1 or R > 1 but not too large,* then K(R) = 1.5 + 0.07Ä2; if R is sufficiently large, then K(R) = 5.13R + 7.13. Remark 2. From Theorem 1, we see that if |A| -» 0, and R is bounded, then P(Z) converges uniformly to F(Z) on the closed disc U.
In particular, if F(Z) is analytic in U and continuous in U, then the approximation C.H.S. PiZ) converges uniformly to FiZ) on the closed U.
Let £ = f(0 (0 < t < 2tt) be the parametric representation of T. Suppose 0 < |f'(01 < oo-Then Y■ = FiZ/) ij' = 1, N) may be obtained by solving the integral equations as in [9] , [10] , and then the cubic spline SiZ) which interpolates FiZ) at Zjij = 1, N) may be easily constructed [4] . The closed Jordan curve T is said to satisfy the Ljapunov condition (see [8, p. 
. Zey, Proof. (35) is obtained directly from the maximum modulus principle and (16). Now we prove (36).
Let <p(f, Z0) represent the function (S'(D -F'(O) -(S'(Z0) -F\Zn))
; from (18), \<pi^ZQ)\^K3\A\a~S\^-Z0\S.
We have [3] 
f-z0 rff «y-^iArv«-'+ 2»j.2iai"}. Q.E.D.
Following the proof given in [3] we conclude that if T and PiZ), FiZ) are defined as in Theorem 2, then P(Z) maps U onto a simply connected domain Dp. Denote by /y y+, the straight line joining the points Zy and Zj+i; the Z-plane £2 is divided by /y y+, into B, and fl2 say, the half-plane ß2 contains the circular arc y; (we have stipulated that |yy| < it).
Then Ojj+\, Çy,y+1 maY he represented as follows:
¡X, Zet/nO,, 
7=1
It was proved in [4] that the system of equations (61) can be solved uniquely for (fl^.0and{Cy)*,.
In particular, the data values of a conformai mapping function may be obtained as follows:
Let W = FiZ) be a mapping function, such that F(0) = 0, F(l) = f0 G T, Z = e'e, 0 = argZ = arg(F-'(f)). We have written a complete program for the whole system. The input is the parametric representation of the curve T, and the output is the graph of the C.H.S. We give nine examples in [5] .
Remark 4. If T is an arbitrary rectifiable Jordan curve, under a stronger assumption on the approximated function F, we can obtain But the limit value on the left side of (65) is more complicated than in the special case where T is the circle, since in this case, we use PiZ)-the complex harmonic spline-in which case the boundary value of F(Z) is SiZ0).
We shall discuss this in more detail in another paper.
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